Abstract. Let G be a reductive complex Lie group acting holomorphically on Stein manifolds X and Y . Let p : X → Q X and r : Y → Q Y be the quotient mappings. When is there an equivariant biholomorphism of X and Y ? A necessary condition is that the categorical quotients Q X and Q Y are biholomorphic and that the biholomorphism ϕ sends the Luna strata of Q X isomorphically onto the corresponding Luna strata of Q Y . We demonstrate two homotopy principles in this situation. The first result says that if there is a G-diffeomorphism Φ : X → Y inducing ϕ : Q X → Q Y which is G-biholomorphic on the reduced fibres of the quotient mappings, then Φ is homotopic, through G-diffeomorphisms satisfying the same conditions, to a G-equivariant biholomorphism from X to Y . The second result roughly says that if we have a Ghomeomorphism Φ : X → Y which induces a continuous family of G-equivariant biholomorphisms of the fibres p −1 (q) and r −1 (ϕ(q)) for q ∈ Q X and if X satisfies an auxiliary property (which holds for most X), then Φ is homotopic, through G-homeomorphisms satisfying the same conditions, to a G-equivariant biholomorphism from X to Y . Our results improve upon those of [KLSa] and use new ideas and techniques.
Introduction
Let G be a reductive complex Lie group. Let X and Y be Stein manifolds (always taken to be connected) on which G acts holomorphically. We have quotient mappings p : X → Q X and r : Y → Q Y where Q X and Q Y are normal Stein spaces, the categorical quotients of X and Y . Let q, q ′ ∈ Q X . We say that q and q ′ are in the same Luna stratum of Q X if the fibres X q = p −1 (q) and X q ′ = p −1 (q ′ ) are G-biholomorphic. The fibres are affine G-varieties, not necessarily reduced. The Luna strata form a locally finite stratification of Q X by locally closed smooth subvarieties. A necessary condition for X and Y to be G-equivariantly biholomorphic is that there is a biholomorphism ϕ : Q X → Q Y which preserves the Luna strata, i.e., X q is G-biholomorphic to Y ϕ(q) for all q ∈ Q X . Suppose that such a ϕ exists. Our problem then is to find a G-equivariant biholomorphism Φ : X → Y inducing ϕ : Q X → Q Y . It is possible that one has made a poor choice of ϕ (see Example 4.1) or it could be that no choice of ϕ admits a lift (see Example 4.2).
Use ϕ to identify the quotients, and call the common quotient Q with quotient maps p : X → Q and r : Y → Q. Said another way, we replace Y by ϕ * Y = {(q, y) ∈ Q X × Y | r(y) = ϕ(q)}. Then ϕ * Y is a Stein G-manifold whose quotient mapping is projection onto the first factor and Q = Q X is the common quotient. Our problem then is to find a G-equivariant biholomorphism Φ : X → ϕ * Y which induces id Q , the identity map of Q. So we can always reduce to the case that X and Y have a common quotient Q and our problem is to lift id Q to a G-biholomorphism of X and Y . In the spirit of Gromov's work [Gro89] , we show that there is a G-biholomorphic lift of id Q if there are appropriate continuous or smooth lifts of id Q . Set
where Iso(X q , Y q ) denotes the set of G-biholomorphisms of X q and Y q . Let π : Iso(X, Y ) → Q be the natural projection. Then Iso(X q , Y q ) is a principal homogeneous space for the group Iso(X q , X q ) and the global sections of Iso(X, Y ) form a principal homogeneous space for the group of global sections of Iso(X, X). In general, there is no reasonable structure of complex variety on Iso(X, Y ) or Iso(X, X) (see [KLSa, Section 3] ). However, we can say what the sections of π of various kinds are. Clearly a holomorphic section of Iso(X, Y ) over an open subset U ⊂ Q should be a G-biholomorphism Φ : p −1 (U) → r −1 (U) inducing id U . We are also able to define what a continuous section of Iso(X, Y ) over U is, which we call a strong G-homeomorphism (see Section 3).
Let Φ : X → Y be a G-diffeomorphism inducing id Q . We say that Φ is strict if Φ induces a G-biholomorphism of (X q ) red with (Y q ) red for all q ∈ Q where the subscript means that we are considering the reduced structures on the fibres (see Example 3.2). Let Iso(X, Y ) red denote the product of the Iso((X q ) red , (Y q ) red ) with the obvious projection to Q. Then the smooth sections of Iso(X, Y ) red are the strict G-diffeomorphisms. A strict G-diffeomorphism is not necessarily a strong G-homeomorphism (Example 3.2).
Here is our first main result.
Theorem 1.1. Let X and Y be Stein G-manifolds with common quotient Q. Suppose that there is a strict G-diffeomorphism Φ : X → Y . Then Φ is homotopic, through strict G-diffeomorphisms, to a G-biholomorphism from X to Y .
The theorem says that a smooth section of Iso(X, Y ) red is homotopic to a holomorphic section.
There is also a version of the theorem for continuous sections of Iso(X, Y ), but we need an additional assumption. Let D be a vector field on Q. We say that D is strata preserving if for all Luna strata S of Q and s ∈ S, D(s) ∈ T s (S). We say that X has the infinitesimal lifting property if every holomorphic strata preserving vector field D on Q has a lift to a G-invariant holomorphic vector field A on X. This means that A(p * f ) = p * (D(f )) for all f ∈ O(Q). The infinitesimal lifting property really only depends upon the isomorphism classes of the fibres of p : X → Q; equivalently, on the slice representations of X (see Section 2). For most representations of reductive groups, the infinitesimal lifting property holds (Remark 2.1) and for most representations all holomorphic vector fields on the quotient automatically preserve the strata [Sch13] .
Here is our second main result.
Theorem 1.2. Let X and Y be Stein G-manifolds with common quotient Q. Suppose that there is a strong G-homeomorphism Φ : X → Y . If X has the infinitesimal lifting property, then Φ is homotopic, through strong G-homeomorphisms, to a G-biholomorphism from X to Y .
The theorem says that a continuous section of Iso(X, Y ) is homotopic to a holomorphic section, provided that X (equivalently, Y ) has the infinitesimal lifting property.
Our proofs of Theorems 1.1 and 1.2 have two steps, where we first reduce our homotopy principles to Oka principles of the form considered by Grauert. Let X, Y and Q be as before. We say that X and Y are locally G-biholomorphic over Q if there is an open cover U i of Q and G-biholomorphisms Φ i : p −1 (U i ) → r −1 (U i ) inducing the identity on U i . This condition says that there are no local obstructions to the existence of a global G-biholomorphism Φ : X → Y inducing id Q . Theorem 1.3. Let X and Y be Stein G-manifolds with common quotient Q. Suppose that one of the following holds.
(1) There is a strict G-diffeomorphism from X to Y . (2) There is a strong G-homeomorphism from X to Y and X has the infinitesimal lifting property.
Then X and Y are locally G-biholomorphic over Q.
Once we have no local obstructions we are able to establish the following versions of Grauert's Oka principle. Theorem 1.4. Let X and Y be Stein G-manifolds locally G-biholomorphic over a common quotient Q.
(1) Any strict G-diffeomorphism Φ : X → Y is homotopic, through strict G-diffeomorphisms, to a G-biholomorphism from X to Y . (2) Any strong G-homeomorphism Φ : X → Y is homotopic, through strong Ghomeomorphisms, to a G-biholomorphism from X and Y .
Note that Theorems 1.3 and 1.4 establish Theorems 1.1 and 1.2. The proof of Theorem 1.4 is along the lines of Grauert's Oka principle for principal bundles of complex Lie groups (Section 10). A main result of our previous paper [KLSa] is a weaker version of Theorem 1.4. In (1) and (2) we were only able to state the existence of a G-biholomorphism, but not that it was homotopic to Φ. Also, we had to assume that X (equivalently Y ) is generic, which means that the set of closed orbits with trivial isotropy group is open in X and that the complement (which is a closed G-stable subvariety of X) has codimension at least two.
We briefly mention here the Linearisation Problem. Suppose that X = C n and that Y is a G-module such that we have a G-biholomorphism of X and Y . Then the G-action on C n is linearisable, i.e., there is a biholomorphic automorphism Φ of C n such that Φ•g•Φ −1 is linear for every g ∈ G. The problem of linearising actions of reductive groups on C n has attracted much attention both in the algebraic and holomorphic settings ( [Huc90] , [Kra96] ). The first counterexamples for the algebraic linearisation problem were constructed by Schwarz [Sch89] for n ≥ 4. His examples are holomorphically linearisable. Derksen and Kutzschebauch [DK98] showed that for G nontrivial, there is N G ∈ N such that there are nonlinearisable actions of G on C n for all n ≥ N G . Their method was to construct actions whose stratified quotients cannot be isomorphic to the stratified quotient of a linear action. In [KLSb] , we show that, most of the time, a holomorphic G-action on C n is linearisable if and only if the stratified quotient is isomorphic to the stratified quotient of a G-module.
Here is a brief summary of the contents of the paper. In Section 2 we review general results about quotients and the Luna stratification. In Section 3 we recall facts about Gfinite functions and use them to define the notion of strong G-homeomorphism. Section 4 gives examples showing problems that can arise in finding local or global lifts of strata preserving biholomorphisms of quotients. In Section 5 we establish Theorem 1.3. Here we use two techniques: deforming an automorphism of Q to a liftable automorphism and lifting isotopies on the quotient by lifting the associated vector fields. After establishing Theorem 1.3 we are able to assume that X and Y are locally G-biholomorphic over Q. In Section 6 we define a type of G-diffeomorphism from X to Y , those of type F , which roughly are those G-diffeomorphisms inducing id Q whose restriction to each fibre X q has a biholomorphic G-equivariant extension to a neighbourhood of X q . We also define the notion of a G-invariant vector field on X of type LF. These are roughly the smooth G-invariant vector fields, annihilating the G-invariant holomorphic functions, whose restrictions to each fibre X q extend in a neighbourhood of X q to a G-invariant holomorphic vector field annihilating the G-invariant holomorphic functions. In Section 7 we prove the important fact that the G-invariant vector fields of type LF are closed in the Fréchet space of all smooth G-invariant vector fields on X. This is key to being able to carry through the analogue of Grauert's Oka principle (as in Cartan [Car58] ). In Section 8 we show that any strong G-homeomorphism from X to Y is homotopic, through strong G-homeomorphisms from X to Y , to one of type F . The analogous result for strict G-diffeomorphisms follows similarly. In Sections 9 and 10 we modify the techniques of Cartan [Car58] to show that any G-diffeomorphism from X to Y of type F is homotopic, through G-diffeomorphisms of type F , to a G-biholomorphism from X to Y , completing the proof of Theorem 1.4. Acknowledgement. We thank E. Bierstone for useful discussions.
Background
For details of what follows see [Lun73] and [Sno82, Section 6]. Let X be a normal Stein space with a holomorphic action of a reductive complex Lie group G. The categorical quotient Q X = X/ /G of X by the action of G is the set of closed orbits in X with a reduced Stein structure that makes the quotient map p : X → Q X the universal G-invariant holomorphic map from X to a Stein space. When X is understood, we drop the subscript X in Q X . Since X is normal, Q is normal. If U is an open subset of Q,
. We say that a subset of X is G-saturated if it is a union of fibres of p. If X is an affine G-variety, then Q is just the complex space corresponding to the affine algebraic variety with coordinate ring O alg (X)
G . If V is a G-module and p : V → V / /G is the quotient mapping, then the fibre
If Gx is a closed orbit in X, then the stabiliser (or isotropy group) G x is reductive. We say that closed orbits Gx and Gy have the same isotropy type if G x is G-conjugate to G y . Thus we get the isotropy type stratification of Q with strata whose labels are conjugacy classes of reductive subgroups of G.
Assume that X is smooth and connected, and let Gx be a closed orbit. Then we can consider the slice representation which is the action of G x on T x X/T x (Gx). We say that closed orbits Gx and Gy have the same slice type if they have the same isotropy type and, after arranging that G x = G y , the slice representations are isomorphic representations of G x . The stratification by slice type is finer than that by isotropy type, but the slice type strata are unions of irreducible components of the isotropy type strata [Sch80, Proposition 1.2]. Hence if the isotropy type strata are irreducible, the slice type strata and isotropy type strata are the same. This occurs for the case of a G-module [Sch80, Lemma 5.5].
Let H = G x and W = T x X/T x (Gx) be the slice representation as above. Write W = W H ⊕ W ′ where W ′ is an H-module. The Zariski tangent space to the fibre X p(x) at x is isomorphic to g/h ⊕ W ′ as H-module, and dim W H = dim X − dim G + dim H − dim W ′ , so that the fibre determines the slice representation (and vice versa). Hence the Luna stratification of the introduction is the same as the slice type stratification.
There is a unique open stratum Q pr ⊂ Q, corresponding to the closed orbits with minimal stabiliser. We call this the principal stratum and the closed orbits above Q pr are called principal orbits. The isotropy groups of principal orbits are called principal isotropy groups. Then X is generic when the principal isotropy groups are trivial and p −1 (Q \ Q pr ) has codimension at least two in X.
Remark 2.1. If G is simple, then, up to isomorphism, all but finitely many G-modules V with V G = 0 are generic and have the infinitesimal lifting property [Sch95, Corollary 11.6 (1)]. The same result holds for semisimple groups but one needs to assume that every irreducible component of V is a faithful module for the Lie algebra of G [Sch95, Corollary 11.6 (2)]. A "random" C * -module is generic and has the infinitesimal lifting property, although infinite families of counterexamples exist. More precisely, a faithful n-dimensional C * -module without zero weights is generic (and has the infinitesimal lifting property) if and only if it has at least two positive weights and at least two negative weights and any n−1 weights are coprime. Finally, X is generic (or has the infinitesimal lifting property) if and only if every slice representation does. Hence these properties only depend upon the Luna stratification of Q. If one is in the situation where all slice representations are orthogonal, then [Sch80, Theorems 3.7 and 6.7] shows that one has the infinitesimal lifting property.
G-finite functions and strong homeomorphisms
Let X and Y be Stein G-manifolds with common quotient Q. If U is a subset of Q,
Let O fin (X) denote the holomorphic functions f such that the span of {g ·f | g ∈ G} is finite dimensional. They are called the G-finite holomorphic functions on X and obviously form an O(Q) = O(X) G -algebra. If X is a smooth affine G-variety, then the techniques of [Sch80, Proposition 6.8, Corollary 6.9] show that for U ⊂ Q open and Stein we have
Let H be a reductive subgroup of G and let B be an H-saturated neighbourhood of the origin of an H-module W . Assume that B is Stein, in which case B/ /H is also Stein. Let G × H B (or T B ) denote the quotient of G × B by the (free) H-action sending (g, w) to (gh −1 , hw) for h ∈ H, g ∈ G and w ∈ B. We denote the image of (g, w) in G × H B by [g, w] . By the slice theorem, X is locally G-biholomorphic to such tubes T B . If V is an irreducible G-module, let O(X) V denote the elements of O fin (X) contained in a copy of V , and similarly define
H . By Nakayama's Lemma, f 1 , . . . , f m ∈ O(X) V restrict to minimal generators of the O(U)-module O(X U ) V for some neighbourhood U of q ∈ Q if and only if the restrictions of the f i to X q form a basis of O(
Let q ∈ Q and let f 1 , . . . , f m be elements of O(X) V which restrict to a basis of
G . The a ij are not necessarily unique, but by our choice of the f i and f ′ i , the matrix (a ij (q)) is unique and invertible. Then (Φ −1 )
X → Y be a G-equivariant homeomorphism inducing a strata preserving biholomorphism ϕ of Q. Let V and the f i , f ′ i and q be as above. We say that Φ is strong for V over ϕ at q if Φ * f ′ i = a ij f j where the a ij are continuous in a neighbourhood of q. Note that this condition is independent of our choice of the f i and f ′ i . We say that Φ is strong over ϕ at q if Φ is strong over ϕ for V at q for all irreducible V . One does not actually need to worry about all V . Let V 1 , . . . , V k be irreducible G-modules such that O alg (X q ) is generated by j O alg (X q ) V j . If Φ is strong over ϕ for the V j at q, then it is strong over ϕ at q. Note that if Φ is strong over ϕ at q, then it is strong over ϕ at q ′ for q ′ sufficiently close to q and that Φ −1 is strong over ϕ −1 at ϕ(q). Finally, we say that Φ is a strong G-homeomorphism over ϕ if it is strong over ϕ at all q ∈ Q. When we omit the phrase "over ϕ" we mean that ϕ = id Q as in the introduction. The strong G-homeomorphisms of X form a group under composition. As we saw above, G-biholomorphisms inducing id Q are strong.
If Φ : X → Y is strong, then the various a ij (q) determine G-isomorphisms of the (not necessarily reduced) algebraic G-varieties X q and Y q , so one may consider Φ as a continuous family of isomorphisms of the fibres X q and Y q , q ∈ Q. We also consider strong G-homeomorphisms as the continuous analogues of G-biholomorphisms of X and Y . This is especially evident in the case that the automorphism group scheme associated to X exists. For
G denote the group of G-biholomorphisms of X U inducing id U . Suppose that there is a complex space G over Q whose fibres are complex Lie groups such that we have a canonical identification of Γ(U, G) with
Then we say that G is the group scheme associated to the Stein G-manifold X. Most of the time G does not exist (see [KLSa, Section 3] ). However, it does exist in case p : X → Q is flat (compare [KS92, Chapter III, Section 2]).
Example 3.1. This example is from Kraft-Schwarz [KS92, Chapter III, Section 2]. Let V = C 2 with coordinate functions x and y, and let G be the normaliser of the diagonal matrices in SL 2 (C). Let s = xy and t = s 2 . Then O alg (Q) = C[t] (so Q = C), and O alg (V ) is generated by O alg (V ) V * which has minimal generators x, y, sx and sy. An element Φ ∈ Aut Q (V )
G sends x to αx + βsx for some α, β ∈ O(Q) and it sends y to αy−βsy. Then Φ
We can see our automorphisms as sections of a group scheme G, as follows. As variety, G = {(t, a, b) ∈ C 3 | a 2 − tb 2 = ±1}, with projection π : G → C sending (t, a, b) to t. The group structure on Aut Q (V )
G induces a group structure on the fibres of π where
The inverse to (t, a, b) is (t, a, −ǫb). The group Aut Q (V ) G is isomorphic to the group of holomorphic sections of π : G → C. The strong G-homeomorphisms of V are the same thing as the continuous sections of π.
Example 3.2. Let (V, G) be as in the previous example. Choose a branch of the square root in a neighborhood of 1 ∈ C and let a(t) = (1 +t) 1/2 , t ∈ C, with a(0) = 1. Then a(t) is smooth in a neighbourhood of 0 ∈ C. Let Φ be the G-diffeomorphism which sends x to (a(t) +s)x and y to (a(t) −s)y for t near 0. Then the corresponding b(t) is t/|t| =s/s which has no limit at t = 0. The fibre of V over 0 is not reduced, and the reduced fibre is {xy = 0} on which the restriction of Φ is the identity. Thus Φ is a strict G-diffeomorphism, but it is not a strong G-homeomorphism.
Examples
First we exhibit a biholomorphism of quotients which does not have local G-equivariant lifts. 
functions of V are generated by determinants d ij , 1 ≤ i < j ≤ 4, with the relation
We may identify the quotient with the set of 2-forms ω = d ij e i ∧ e j ∈ ∧ 2 (C 4 ) with the property that ω ∧ ω ∈ ∧ 4 (C 4 ) ≃ C vanishes. Now ω → ω ∧ ω ∈ C is the SO 6 (C) ≃ (SL 4 (C)/{±I})-invariant bilinear form on C 6 . Hence Q can be identified with the null cone of the action of L 0 = SO 6 (C) on C 6 . There is an action of L = O 6 (C) on Q as well and L \ L 0 acts by outer automorphisms on L 0 . Suppose that some ℓ ∈ L \ L 0 has a local holomorphic lift Φ to V . Then Φ ′ (0) is a lift of ℓ and induces an outer automorphism of H. One can show that Φ ′ (0) is in the normaliser of G [Sch14, Proposition 2.5]. But G has no outer automorphisms, hence changing Φ ′ (0) by an element of G one can assume that Φ ′ (0) lies in GL(V ) G = GL 4 (C). But no element of GL 4 (C) induces an outer automorphism of H. Hence we have a contradiction, and ℓ has no local lift.
By modifying the example above, we find X and Y such that Q X and Q Y have a unique strata preserving biholomorphism which does not have local lifts (let alone a global lift).
Example 4.2. Let V , G and Q be as above. Let Z = Q ∩ B where B is the open ball of radius one in C 6 . Since B is hyperbolic, so is Z, and this implies that the automorphism group of Z is a real Lie group H with the property that every isotropy group is compact [Kob98, Theorem 5.4.2]. Since the origin is the unique singular point of Z, it is fixed by H and H is compact. We show that H = O 6 (R). We also show that there is a homogeneous complex polynomial f of degree 3 on C 6 which does not vanish on Z and is fixed only by the identity of H. Let 0 = z 0 ∈ Z such that f (z 0 ) = c = 0 and let Z ′ denote the complement of {z ∈ Z | f (z) = c} in Z. Any holomorphic automorphism ϕ of Z ′ extends to Z and is an element h ∈ H. Suppose that {z ∈ Z | (h · f )(z) = c} = {z ∈ Z | f (z) = c} (and h = e). Then {z ∈ Z | f (z) = c} is a union of irreducible components of {z ∈ Z | (h · f )(z) − f (z) = 0} which are cones in Q passing through the origin. Then f (0) = c, which is absurd. Thus h = e. Now let
Note that ϕ preserves Z. Now we have a unique biholomorphism ϕ :
and by the previous example there is no lift of ϕ near the origins.
We show that H = O 6 (R). We have the representation of H on the Zariski tangent space of Z at 0, which is C 6 . Let G = H C be the complexification of H. Then G acts on Q. By the slice theorem, the kernel of G → GL(T 0 (Q)) = GL(6, C) acts trivially in a neighbourhood of 0, hence trivially on Q. But G has to act faithfully on Q since H does. Hence G → GL(6, C) is faithful and G acts linearly on C 6 , and it clearly has to lie in O 6 (C). Now the maximal compact subgroups of O 6 (C) are all conjugate to O 6 (R) where O 6 (R) ⊂ H. Hence H = O 6 (R).
We now show that there is an f as claimed above. As a real representation of H, the space of polynomials of degree three contains two copies of S 3 (R 6 ). We show that the principal isotropy group for the action on one copy of S 3 (R 6 ) is trivial. The isotropy group of the vector e 3 1 in S 3 (R 6 ) is a copy of O(5, R) whose slice representation is S 3 (R 5 ) ⊕ S 2 (R 5 ) ⊕ R with trivial action on R and the obvious actions on S 3 (R 5 ) and S 2 (R 5 ). The principal isotropy group of S 2 (R 5 ) is finite (a product of copies of Z/2Z), and its action on S 3 (R 5 ) is faithful. Hence the principal isotropy group is trivial. This means that there is an open set of homogenous polynomials f of degree 3 on C 6 whose H-isotropy is trivial, and we can choose such an f which does not vanish on Z. Then as above one constructs a Stein open set Z ′ ⊂ Z with trivial holomorphic automorphism group.
Example 4.3. Let G = C * and V = C 4 with basis {e 1 , f 1 , e 2 , f 2 } where the e i have weight 1 and the f i have weight −1. Let Φ : V → V sending (e 1 , f 1 , e 2 , f 2 ) to (f 1 , e 1 , f 2 , e 2 ). Then Φ(tv) = t −1 Φ(v) for t ∈ G and v ∈ V . Hence Φ is not equivariant in the usual sense. Let ϕ be the automorphism of Q induced by Φ. If Ψ is a lift of ϕ, then so is its derivative Ψ ′ (0) and one can show that Ψ ′ (0) has to have the same equivariance property as Φ does. Hence ϕ has a lift, but there is no lift which is equivariant in the usual sense.
The G-modules in the examples above have the infinitesimal lifting property. Here is an example where this property fails.
Example 4.4. This is due to H. M. Meyer. Let G = C * act on V = C 3 with coordinate functions x, y, z of weights −1, 1, 2, respectively. Let u = xy and w = x 2 z. Then u and w are coordinate functions on Q = C 2 and the Luna strata are {0} and C 2 \ {0}. The vector field u∂/∂w is strata preserving. A lift would have to send x 2 z to xy but no smooth vector field with this property exists.
Local lifting of automorphisms
Let X and Y be Stein G-manifolds with common quotient Q. We establish Theorem 1.3 which gives sufficient conditions for the existence of local G-biholomorphic lifts of id Q . Let q 0 ∈ Q. By the slice theorem there are G-saturated neighbourhoods U X of X q 0 and U Y of Y q 0 and a G-biholomorphism Φ : U X → U Y sending X q 0 to Y q 0 . Let ϕ be the map on the common quotient induced by Φ. Then ϕ(q 0 ) = q 0 . If we can find a local lift Ψ of ϕ in a G-saturated neighbourhood of
where H is a reductive subgroup of G, B is an H-saturated neighbourhood of the origin in an H-module W and q 0 is the image of [e, 0]. Theorem 1.3 reduces to the two following results.
Proposition 5.1. Let ϕ be a strata preserving biholomorphism of B/ /H fixing the origin. Suppose that W has the infinitesimal lifting property and that there is a strong G-homeomorphism of T B over ϕ. Then there is a G-biholomorphism over ϕ in a Gsaturated neighbourhood of X q 0 .
Let ϕ be as above. We say that a G-diffeomorphism Φ : T B → T B inducing ϕ is a strict G-diffeomorphism over ϕ if it induces a biholomorphism on reduced fibres. As before, when we say that Φ is a strict G-diffeomorphism, we mean that it is over (or induces) the identity on the quotients.
Proposition 5.2. Let ϕ be a strata preserving biholomorphism of B/ /H fixing the origin. Suppose that there is a strict G-diffeomorphism of T B over ϕ. Then there is a Gbiholomorphism over ϕ in a G-saturated neighbourhood of X q 0 .
We need some preliminaries on Q = W / /H. Let p 1 , . . . , p m be homogeneous genera-
where d i is the degree of p i , i = 1, . . . , m. We have our automorphism ϕ which fixes q 0 . We have automorphisms ϕ t = t −1 •ϕ•t which we may assume are defined for |t| ≤ 1 in a neighbourhood of q 0 . We want to show that ϕ 0 = lim t→0 ϕ t exists. If ϕ 0 exists, then it commutes with the action of C * , so we say that it is quasilinear. If (ϕ −1 ) 0 also exists, then ϕ 0 is an automorphism of Q. In fact, the quasilinear automorphisms Aut qℓ (Q) of Q form a linear algebraic group, as follows. An element of Aut qℓ (Q) sends a generator p i to a polynomial in p 1 , . . . , p m of degree d i , hence Aut qℓ (Q) is an algebraic subgroup of the product of the general linear groups on the vector spaces of homogeneous invariants of degree d i , i = 1, . . . , m.
Lemma 5.3. Suppose that ϕ has a lift Φ which is a strict G-diffeomorphism over ϕ or a strong G-homeomorphism over ϕ. Then ϕ 0 = lim t→0 ϕ t exists and is an element of
Proof. First consider the case that Φ is a strict G-diffeomorphism.
* acts by scalar multiplication on the fibres of T B . Then Φ t covers ϕ t . Now Φ preserves the zero section G/H ⊂ T B . Hence dΦ induces a G-vector bundle automorphism δΦ of the normal bundle to G/H in T B . By [KLSa, Lemma 18] , δΦ is actually complex linear. We can naturally identify the normal bundle with T W . We consider p : W → Q as the quotient mapping (also called p) of T W . Then p • δΦ is the limit of p • Φ t as t → 0, hence ϕ 0 exists and is covered by δΦ. If Φ is a strong G-homeomorphism, then [KLSa, Lemma 24] shows that the normal derivative δΦ still exists and is complex linear, and lim t→0 ϕ t exists and is induced by δΦ. (The proof in [KLSa] assumes that Φ induces the identity on Q, but the proof also works without this assumption.) Now δ(Φ −1 ) induces (ϕ −1 ) 0 , which is the inverse to ϕ 0 , hence ϕ 0 ∈ Aut qℓ (Q).
It is easy to see that the family ϕ t is holomorphic in t ∈ C when the limit exists. Now ϕ 0 lifts to δΦ which is an algebraic element in Aut(T W ) G . Changing ϕ by the inverse of the image of δΦ, we may reduce to the case that ϕ 0 is the identity. Thus we have a holomorphic isotopy ϕ t defined for |t| ≤ 1 in a neighbourhood of q 0 . The isotropy is obtained by integrating a complex time-dependent vector field D t . Since the family ϕ t is strata preserving, the D t are strata preserving. Suppose that we can lift D t to an H-invariant holomorphic vector field A t for |t| ≤ 1. Let Ψ t denote the flow of A t . From [Sch14, proof of Theorem 3.4] we have:
for g ∈ G and w ∈ W with p(w) close to q 0 . Then Φ t is G-equivariant, holomorphic and covers ϕ t , hence Φ 1 covers ϕ. Thus we have established Proposition 5.1. In case that Φ is a strict G-diffeomorphism we still have to show that D t has a lift. Since we can consider a (complex) time dependent vector field on Q as a vector field on C × Q we are reduced to proving the following result.
Lemma 5.5. Let W be an H-module with quotient Q and let D be a holomorphic vector field on Q defined near the origin q 0 . Suppose that D has a smooth H-invariant lift. Then D has an H-invariant holomorphic lift.
is finitely generated and graded where E ∈ D(Q) has degree k if it sends polynomials of degree s to ones of degree s + k for all s. By a Taylor series argument, one sees that E ∈ D(Q) has a local H-invariant holomorphic lift if and only it has a global Hinvariant polynomial lift. Similarly, if E is a vector field at q 0 with formal power series coefficients, then E = E j where E j has degree j, and E has a lift to an H-invariant formal power series vector field on W if and only if the same is true for each E j . Let
is finitely generated, say by homogeneous elements D 1 , . . . , D k . Now let A be a smooth H-invariant lift of D. As a vector field with formal power series coefficients,
where n = dim W and the z j ,z j are the usual holomorphic and antiholomorphic coordinate functions. For any H-invariant holomorphic function f , A(f ) is holomorphic, hence
Thus D has a formal power series lift which implies that D = The lemma completes the proof of Proposition 5.2 and we have established Theorem 1.3. From now on we assume that X and Y are locally G-biholomorphic over Q. Proving Theorem 1.4 is the goal of the rest of this paper.
Sections of type F
In Theorem 1.4 we are assuming that X and Y are locally G-biholomorphic over Q and that there is a strict G-diffeomorphism Φ : X → Y or that there is a strong Ghomeomorphism Φ : X → Y . In this section we define the notion of a G-diffeomorphism from X to Y of type F . In Section 8 we show that Φ is homotopic to a G-diffeomorphism of type F . In Sections 9 and 10 we will show that any Φ of type F can be deformed to a G-biholomorphism. In this section and Section 7 we investigate the local structure of G-diffeomorphisms of type F and vector fields of type LF (defined below).
Definition 6.1. Let Φ : X → Y be a G-diffeomorphism inducing id Q . We say that Φ is of type F if there is a neighbourhood U of the diagonal in Q × Q and a map Ψ : Note that if Φ is holomorphic, then it is of type F by setting Ψ(x, y) = Φ(y). A G-diffeomorphism of type F is obviously strict, and in Proposition 6.10 we will see that it is also strong. We have a sheaf of groups over Q given by the G-automorphisms of type F on the inverse images of open subsets of Q. The corresponding sheaf of Lie algebras is the sheaf of vector fields of type LF , as follows. Let Der Q (X) G denote the Lie algebra of holomorphic G-invariant vector fields on X which annihilate O(X)
G to be Lie algebra of vector fields on X which are locally finite sums a i (x)A i (x) where the A i are in Der Q (X) G and the a i are locally defined G-invariant smooth functions.
Since D locally has the form
G . This hints why the Lie algebra of vector fields of type LF can be identified with the Lie algebra of the group of automorphisms of type F .
Remark 6.3. In Section 7 we will show that the vector fields of type LF are closed in the space of C ∞ vector fields on X, hence are a Fréchet space. We doubt that the analogous result is true if we replace C ∞ by C 0 . This explains our need for smoothness assumptions for vector fields of type LF and automorphisms of type F . See also Remark 9.4
Example 6.4. Let D be a smooth vector field on the
One can show that if all the isotropy groups of closed orbits of V are connected, then D is of type LF . Here is an example where D is not of type LF.
Let V be the direct sum of two copies of C 2 with the diagonal action of the group G of Example 3.1. We have V = C 4 with coordinate functions x 1 , x 2 , y 1 , y 2 where the x i have weight 1 and the y i have weight −1 for the action of G 0 = C * . Then G is generated by G 0 and the element sending x i to y i and y i to −x i , i = 1, 2. The G-invariant linear vector fields have as basis the fields
and the polynomials transforming by the sign representation of G are generated by
Up to scalars, there is one quadratic invariant f = x 1 y 2 − x 2 y 1 . Let A denote the generator of the Lie algebra of C * . Then A = x 1 ∂/∂x 1 − y 1 ∂/∂y 1 + x 2 ∂/∂x 2 − y 2 ∂/∂y 2 and A transforms by the sign representation of G. Thus Der Q,alg (V ) G is generated by the f ij A. We have the curious relation
Let h(z) be an antiholomorphic quadratic polynomial which transforms by the sign representation of G. Let D = h(z)f A. Using the curious relation we may express D as a sum of real invariant polynomial functions times the X ij . Clearly D annihilates the G-invariant holomorphic functions. If D were of type LF then we would have
where the k ij are quadratic and invariant. This is clearly not possible. Hence D is not of type LF.
We now study the structure of automorphisms of type F in a neighbourhood of a fibre of p. First we look at G-vector bundle automorphisms of T W . Let H be a reductive subgroup of G and W an H-module. Let Aut vb (T W )
G denote the G-vector bundle automorphisms of T W and let ρ : H → GL(W ) be the representation associated to W . Then one easily shows:
Corollary 6.6. The groups Aut vb (T W ) G and L vb are reductive.
Proof. In the lemma above, we have the same element of Aut vb (T W ) G if we change g 0 to g 0 h and γ to ρ(h) −1 γ for h ∈ H. We have a homomorphism σ : G such that L vb is the joint kernel of (finitely many of) the σ d . Hence L vb is reductive.
For the following local considerations we may reduce to the case that X = T B where B is an H-saturated neighbourhood of the origin in our H-module W . Let
G , a linear algebraic group. Let L 0 denote the subset of L of automorphisms that extend to be G-equivariant biholomorphisms over the identity in a G-saturated neighbourhood of F (the "holomorphically reachable points"). Let L vb denote the G-vector bundle automorphisms of T W ′ which fix the invariants. By Corollary 6.6, L vb is reductive. For the rest of this section Q W will denote the quotient of W (equivalently, T W ) and Q B the quotient of B (equivalently, T B ).
G . Then D extends uniquely to an element of Der Q B (T B ) G .
Proof
Let f ∈ O(T B ) and let ρ 1 , . . . , ρ n be the entries of ρ :
This is well defined since for polynomials h(z 1 , . . . , z n ) the formula holds and the polynomials are dense in the holomorphic functions in a neighbourhood of ρ(x) in the C 1 -topology. Hence D extends to an element of Der Q B (T B ) G .
Theorem 6.8.
(
The Lie algebra of L 0 is l 0 where l 0 is the restriction of Der Q,alg (T W ) G to F . In particular, the holomorphically and algebraically reachable points are the same.
Proof. The only challenges of the case W H = 0 are notational, so we may assume that Let Φ ∈ L and suppose that Φ 0 is the identity. Let V 1 , . . . , V m be irreducible G-
be a set of minimal generators of the O alg (T W )
G -module M such that their span is G-stable. Then the restrictions of the f i to F are linearly independent. On F , Φ * f i = a ij f j where the a ij are constants and Φ * f i − f i vanishes to order greater than the degree of f i along the zero section of T W . Thus Φ * − I acts nilpotently on O alg (F ) and f → log Φ * (f ) is a G-invariant derivation D of O alg (F ). If Φ is a reachable point, then Φ extends to an element, which we also call Φ, in Aut U (p −1 (U)) G where U is a neighbourhood of q 0 . Then, over U, Φ * f i = a ij f j where the a ij are now elements of O(U) such that (a ij (q 0 )) is unipotent. Hence over a perhaps smaller neighbourhood of q 0 , which we also call U, the series (log Φ * )(f ) converges for every G-finite f . By Lemma 6.7 we obtain an element D U ∈ Der U (p −1 (U)) G . If U is Stein, which we may assume, then Der 
We can form the semidirect product L vb ⋉ R where R = exp(r). Then L 0 is isomorphic to this semidirect product and it is an algebraic subgroup of L. This gives (1) and (2), and (3) is clear.
Corollary 6.9. There is a group homomorphism ν :
Proof. We can still assume that W H = 0. We know that L vb is the subgroup of
G of vector bundle automorphisms preserving the invariants. Let r ′ be a
G (integrating vector fields, equivalently, integrating fibrewise), and we can extend the action of
G . This is our group homomorphism ν.
We now use some parts of the theory of topological tensor products. Let N and P be smooth manifolds. Then C ∞ (N × P ) is isomorphic to a completion of C ∞ (N) ⊗ C ∞ (P ). The completed tensor product is denoted by C ∞ (N) ⊗ C ∞ (P ). Since both factors are nuclear, the completion is the same for either of the two main topologies on the tensor product (π and ε) [Trè67, Theorem 44.1 and Theorem 50.1]. If P is a complex manifold, then the space of functions smooth on N × P and holomorphic for fixed n ∈ N is isomorphic to C ∞ (N) ⊗ O(P ).
Proposition 6.10. Let Φ be an automorphism of type F where X = T B is the usual tube. Let M and f 1 , . . . , f k be as in the proof of Theorem 6.8. Then there are invariant smooth functions
Hence Φ is strong. Let F be the fibre through [e, 0]. If Φ is the identity on F , then the matrix (a ij (x)) is the identity for x ∈ F .
Proof. One can easily reduce to the case that W H = 0. Then the f i are linearly independent on F and the last claim is clear. If we can produce smooth a ij locally on Q B then using a partition of unity we can produce the desired a ij globally. Thus we may shrink B in our proof. We have a surjection π from O(Q B ) k onto the closed subspace
We have a family of automorphisms Ψ(x, y) associated to Φ as in Definition 6.1. Shrinking B we may assume that Ψ is defined on T B × T B . Then Ψ * f i can be thought of as an element of
G and E are all Fréchet and nuclear since closed subspaces of Fréchet nuclear spaces are Fréchet and nuclear [Trè67, Proposition 50.1].
G ⊗ E is surjective [Trè67, Proposition 43.9]. Hence there are smooth functions a ij (x, y) on T B × T B which are G × G-invariant and holomorphic in y such that
Set a ij (x) = a ij (x, x).
Corollary 6.11. Suppose that Φ is the identity on F . Then on a G-saturated neighbourhood of F we have a vector field D of type LF such that exp D = Φ.
Proof. Let the a ij (x, y) be as in the proof above. Then (a ij (x, x)) is the identity on F , hence in a G-saturated neighbourhood of F ×F (which we can assume is T B ×T B ) we can take the logarithm (d ij (x, y)) of (a ij (x, y)). By Lemma 6.7 the d ij (x, y) give us holomorphic derivations D x of O(T B ), depending smoothly on x and annihilating O(
Then, as in the preceding proof, there are
. Then D is of type LF and exp(D) = Φ.
Remark 6.12. If Φ is of type F and is sufficiently close to the identity of F in the C ∞ -topology, then we can still take the logarithm of the a ij (x, y) near F × F . Hence Φ = exp(D) for some D of type LF, on a G-saturated neighbourhood of F .
Topology
Let X be a Stein G-manifold with quotient Q. In order to show that G-diffeomorphisms of type F can be deformed to G-biholomorphisms we need to establish that certain subspaces of Fréchet spaces are complete (equivalently, closed), hence Fréchet. Let U be a G-module. We then have the space C ∞ (X) G · O(X) U of smooth functions which are locally (over Q) finite sums a i f i where the a i are smooth and invariant and the f i ∈ O(X) U . The main point of this section is to show that C ∞ (X) G · O(X) U is closed in the space of smooth functions on X and that The main result of this section is the following. If the quotient mapping p : X → Q were proper, then everything we need would be a consequence of theorems of Bierstone and Milman [BM87a, BM87b, Theorems A, C, D]. Unfortunately, p : X → Q is proper only when G is finite.
We say that X is good if Theorem 7.2 holds.
Proposition 7.3. Suppose that every slice representation of X is good. Then X is good.
Proof.
Take an open cover of X by tubes X i = T B i corresponding to slice representations 
G is the image of Der Q W ,alg (G × W ) G×H with kernel the G × Hinvariant multiples of h where h sits diagonally inside Der Q W (G×W ) (since the action of H is on both factors of G×W ). We may write g as a sum h⊕m where m is H-stable, and then Der Q W ,alg (T W )
G is the isomorphic image of (m⊗O alg (W ))
Let N and P be smooth manifolds as before and let N 0 be a closed subset of N. Let C ∞ (N, N 0 ) denote the smooth functions on N which are flat on N 0 , i.e., have vanishing Taylor series on N 0 . It is easy to see that
. We now use induction over reductive subgroups of G to show that every G-module is good. Our inductive assumption is that every proper slice representation (W, H) of V is good. We then show that V is good. First we reduce to the case that V G = 0.
G since we are just taking completed tensor product with C ∞ (V G ). Similarly,
is complete. Hence we can reduce to the case that V G = 0.
The slice representation at a principal orbit of V has the form (W, H) where the closed H-orbits in W are fixed points. Hence we start our induction with the following.
Lemma 7.5. Let V be a G-module whose closed orbits are all fixed points. Then V is good.
Proof. By Lemma 7.4 we may assume that Q V is a point. Then C ∞ (V ) G = C and there is nothing to prove. We need to consider a different quotient space Q for our consideration of smooth invariant functions on V . We have homogeneous generators p 1 , . . . , p m of O alg (V ) G . Let p 1 , . . . ,p 2m be the real and imaginary parts of p 1 , . . . , p m . Choose homogeneous real invariant polynomialsp 2m+1 , . . . ,p n such that R[V R ] G is generated by thep j , where V R is V considered as a real vector space. Then we have a quotient mapping
Remark 7.6. The fibres ofp and p are the same (as sets). Luna shows (for a general real reductive G) thatp * C ∞ (R n ) is the set of smooth functions constant on the fibres ofp. In our case, the fibres ofp are of the form G × H N (W ) and any G-invariant continuous function must be constant on such a set. Hencep
Example 7.7. Let V = C and G = {±1} acting by scalar multiplication. Then p = z 2 : V → C. In real coordinates the real and imaginary parts of z 2 are x 2 − y 2 and 2xy. The invariant smooth function x 2 + y 2 is not of the form h(x 2 − y 2 , 2xy) where h is smooth, so the real and imaginary parts of p are not enough. One can takep to be
We need to use a form of polar coordinates on R n (see [Lun76] ). Let d i be the degree ofp i and choose e i ∈ N such that e i d i = d is independent of i = 1, . . . , n. Let S = {y ∈ R n | y
. Then S is a compact smooth submanifold of R n . Consider the mapping τ : R + × S → R n sending (t, y) to t · y where, as usual, t · y = (t d 1 y 1 , . . . , t dn y n ). Then R + · S = R n . From [Lun76, Lemma 1.5] we have:
Let V 1 denotep −1 (S). Then V 1 is a smooth G-submanifold of V since the differential of the homogeneous polynomial p
does not vanish on V 1 . We have a kind of polar coordinates on V given by σ :
Now we need another version of surjectivity ofp
* which can be found in [Lun76, Section 3.3].
Lemma 7.9. We have the equality
Corollary 7.10. Pullback by σ induces an isomorphism
. By Lemma 7.8, h corresponds to an element of C ∞ (R n , 0) which in turn pulls back to an element of
We need a version of E. Borel's lemma [GG73, Chapter IV, proof of Lemma 2.5].
Lemma 7.11. Let f 0 , f 1 , . . . be a sequence of smooth functions on S. Let ρ ∈ C ∞ ([0, 1)) have compact support and equal 1 on a neighbourhood of 0. Then there are positive numbers λ k ≥ 1 such that
converges to a smooth function f on R + × S such that
. . Proposition 7.12. Let V be a G-module all of whose proper slice representations are good. Then V is good.
Proof. We may assume that
G . We may assume that the A i are homogeneous. We first show that the set of all sums
There is a retraction η from V \ N (V ) to V 1 which sends v to v/ρ(v) where ρ(v) 2d = ip i (v) 2e i and, of course, we choose ρ(v) as the positive 2dth root. If i h i,n (v)A i (v) for v ∈ V 1 has a limit A, then we see that A • η is the limit of the
where m i is the degree of homogeneity of A i , i = 1, . . . , k. Since all the slice representations of V \ N (V ) are good, we find that A • η is a sum
. Restricting back to V 1 we see that our original A can be expressed in the form i h i A i . Hence
Then the Taylor series of A at 0 is in the formal power series module generated by the
where V R denotes V considered as a real vector space. Thus replacing A by A − f i A i for appropriate f 1 , . . . , f k ∈ C ∞ (V ) G we can reduce to the case that A is flat at zero. By what we just showed, on
Since the elements of C ∞ (V 1 ) G are pullbacks of smooth functions on S, we may apply Lemma 7.11 to construct
G which have the same Taylor series at t = 0 as the a i and are still relations of the A i . (Use the same λ k for each ∂ k a i /∂t k .) Subtracting the b i from the a i we reduce to the case that
But now the t −m i a i (t, v) are pullbacks of functions f i ∈ C ∞ (V, N (V )) G , and we must have that
Proof of Theorem 7.2. This follows immediately from Proposition 7.3, Lemma 7.5 and Proposition 7.12.
Reduction to type F
We have Stein G-manifolds X and Y which are locally G-biholomorphic over Q. We show that one can deform a strong G-homeomorphism Φ : X → Y to one of type F by making small deformations locally. The same process works if Φ is a strict Gdiffeomorphism. Note that composition with G-biholomorphisms inducing id Q preserves the property of being of type F . This will allow us to reduce locally to the case that X = Y . First another result [Lee13, Corollary 6.27].
Lemma 8.1. Let N and P be smooth manifolds. Let A be a closed subset of N and f : N → P a continuous map which is smooth on A. Then there is a homotopy f t of f with f t = f on A, f 1 = f and f 0 : N → P smooth.
Recall that locally we are in the situation where
H W where H is a reductive subgroup of G, W is an H-module and B is an Hsaturated neighbourhood of 0 ∈ W . We have the action of t ∈ [0, 1] on x = [g, w] where t · x = [g, tw] . This induces an action z → t · z on the quotient. Let Φ : X → X be a strong G-homeomorphism (or a strict G-diffeomorphism). Let Φ t (x) = t −1 · Φ(t · x). In the following we assume that W H = 0. Let L vb denote the group of G-vector bundle automorphisms of T W inducing the identity on the quotient.
See [KLSa, Lemma 26] for the proof of the following. 
, so Φ 0 is almost of type F (it may fail to be smooth). Later on we will remedy the smoothness problem with Lemma 8.1. Now we cut off our deformation so that it is the identity outside a closed set. Let c 0 ∈ C and let ρ : (C × T B )/ /G → [0, 1] be a smooth function which is 1 on a neighbourhood U of p({c 0 } × [e, 0]) and has compact support K. Let τ (t, z) = 1 + (t − 1)ρ(z) for t ∈ [0, 1] and z ∈ (C × T B )/ /G. Then τ (t, z) = 1 for z / ∈ K, and τ (t, z) = t for z ∈ U. Let τ (t, z) · x denote (c, [g, τ (t, z)w]) for x = (c, [g, w]) ∈ C × T B , where z = p(x). Then from Lemma 8.3 we obtain: Corollary 8.5. Let ρ be as above and let Φ : C × T B → C × T B be a strong Ghomeomorphism inducing the identity on the quotient. Let
homotopy of strong G-homeomorphisms joining Φ to Φ 0 . Moreover, for each t ∈ [0, 1], Φ t equals Φ over the complement of K, and Φ 0 equals δΦ over U, where δΦ is the normal derivative of Φ along the zero section.
Lemma 8.6. Suppose that in the above situation there are G-saturated open subsets
Suppose that the restriction of Φ to Ω is of type F . Then all the strong G-homeomorphisms Φ t are of type F when restricted to Ω ′ .
Proof. By assumption there is a G-saturated neighbourhood Z of the diagonal ∆(Ω) ⊂ Ω × Ω on which we have a smooth Ψ : Z → C × T B such that Ψ(x, x) = Φ(x), Ψ is smooth in x and y, G-invariant in x and for fixed x, Ψ(x, y) is G-equivariant and biholomorphic onto its image, inducing the identity on the quotient. Let σ(t, x, y)
where
It is easy to see that we may choose Z ′ to be G-saturated. Now let Ψ be as above. Then τ (t, z) −1 · Ψ(τ (t, z) · (x, y)) is holomorphic in y for all t and x with (x, y) ∈ Z ′ . It follows that Φ t is a family of mappings of type F on Ω ′ .
Theorem 8.7. Let X and Y be Stein G-manifolds locally G-biholomorphic over a common quotient Q. Let Φ : X → Y be a strong G-homeomorphism. Then there is a homotopy of Φ, through strong G-homeomorphisms, to a G-diffeomorphism of type F .
Proof. Consider the stratification of Q by the connected components of the Luna strata. Let S k denote the union of the strata of dimension k. We will inductively find homotopies of Φ such that it becomes of type F over an open neighbourhood Ω of S 0 ∪ · · · ∪ S k . Each step of the finite induction will be done by a countable induction. Let S be a stratum of minimal dimension. Let H be a corresponding stabiliser and let (W, H) be the nontrivial part of the slice representation. Cover S by a locally finite collection of compact sets
, where C i is a Stein open subset of S, and B i ⊂ W is an H-saturated neighbourhood of 0 ∈ W . We may assume that we have the same decomposition of Y U i , so we may view Φ over U i as a map of C i × (G × H B i ) to itself. We may also assume that any K j which intersects K i is contained in U i . By induction we suppose that there is a neighbourhood Ω n−1 of K 1 ∪ · · · ∪ K n−1 such that Φ is of type F on p −1 (Ω n−1 ). Let ρ n (z) be smooth, 0 ≤ ρ n ≤ 1, such that ρ n = 1 on a neighbourhood of K n and ρ n has compact support in U n . Now let α t be the endomorphism of U n which is induced by the multiplicative action of τ (t, z) = 1 + (t − 1)ρ n (z). Suppose that K j , j < n, does not intersect K n . Then we may assume that ρ n vanishes on K j × Q Bn .
Note that the α t smoothly extend to be the identity outside of U n . They are also the identity on U n ∩ S and K 1 ∪ · · · ∪ K n−1 . Thus there is a neighbourhood Ω
n , α 0 can be considered as the projection to C n ⊂ S. Define Φ t as in Corollary 8.5. By Lemma 8.6, each Φ t is of type F over Ω
, σ is smooth. By Lemma 8.1 we may find a homotopy of σ which remains constant on the closure of α 0 (Ω ′′ n−1 ∩ U ′ n ) and ends up as a smooth map U ′ n ∩ S → L vb . Thus we have a homotopy of our original Φ to Φ ′ which is of type F on Ω n = Ω ′′ n−1 ∪ U ′ n . Now we continue inductively. We could run into a problem if we are continually shrinking the neighbourhoods Ω n near a point z ∈ S. But there is a neighbourhood of z which does not intersect the support of any ρ n for n sufficiently large. Thus for n sufficiently large, each Ω n contains a fixed neighbourhood of z. Hence there is a neighbourhood Ω of S and a homotopy of Φ to Φ ′ , such that Φ ′ is of type F over Ω. Since the strata of minimal dimension are closed and disjoint, we may find Ω as desired for all the strata of minimal dimension.
We may assume by induction that Φ is of type F over a neighbourhood Ω of the union of the strata of dimension less than m ≥ 1 (the union is a closed set). Let Ω 1 and Ω 2 be smaller neighbourhoods such that Ω 1 ⊂ Ω 2 ⊂ Ω 2 ⊂ Ω. Let S be a stratum of dimension m. Choose a locally finite covering of S by compact sets K i as above. We may suppose that each K i either lies entirely inside Ω, lies entirely outside Ω, or does not intersect Ω 2 . We can now apply the above process to the K i that lie outside Ω, and to the K i that do not intersect Ω 2 to find a homotopy of Φ such that it remains the same on Ω 1 and is of type F over a neighbourhood of S. We can do this for all the strata of dimension m, completing our induction.
Using the same procedures we get the following Theorem 8.8. Let X and Y be Stein G-manifolds locally G-biholomorphic over a common quotient Q. Let Φ : X → Y be a strict G-diffeomorphism. Then there is a homotopy of Φ, through strict G-diffeomorphisms, to a G-diffeomorphism of type F .
NHC-sections
We work towards proving the following theorem which, in light of Theorems 8.7 and 8.8, completes our proof of Theorem 1.4.
Theorem 9.1. Let X and Y be Stein G-manifolds locally G-biholomorphic over a common quotient Q. Suppose that Φ : X → Y is a G-diffeomorphism of type F . Then there is a homotopy Φ t of G-diffeomorphisms of type F where Φ 0 = Φ and
We consider parameterized families of automorphisms of G-saturated open subsets of X. Let C be a compact Hausdorff space with closed subsets N ⊂ H ⊂ C. We define a corresponding sheaf F on Q as follows. Let U ⊂ Q be open and consider the group of G-automorphisms Φ(t, x) of X over U, t ∈ C, such that:
(1) Φ(t, x) is continuous and for all t ∈ C,
Similarly we define the sheaf LF of parameterized G-invariant vector fields of type LF over Q. They are zero for t ∈ N, holomorphic for t ∈ H and of type LF for all t ∈ C. Then LF(U) is a subspace of the completed tensor product of C 0 (C) (continuous functions on C) and the vector fields of type LF over U. The latter is a vector subspace of a nuclear space, hence nuclear, so that the topology on the tensor product and the completion are unique (take the π or ε topology). We say that a continuous function f (t, x) on C × X U is an NHC-function if it is G-invariant, zero for t ∈ N, holomorphic for t ∈ H and smooth for all t ∈ C. We may consider f (t, x) as a functionf (t, q) for q ∈ Q. But thenf may not be smooth in q (see Example 7.7).
We now quote a lemma about surjections of Fréchet spaces from [Car58, Appendix] .
Lemma 9.2. Let S : E → E ′ be a continuous linear surjection of Fréchet spaces. Let B be a closed subset of the compact Hausdorff space A. Suppose that we have continuous
Proof. For notational convenience we may suppose that U = X. Let E = O(Q)
k and E ′ = Der Q (X) G . Then we have the surjection S which sends (h 1 , . . . , h k ) ∈ E to h i A i ∈ E ′ . Now A(t, x) is the zero mapping from N to E ′ , and it lifts to the zero mapping h of N to E. By Lemma 9.2, h extends to a continuous mapping (h i (t, x)) of H to E which covers A(t, x). Now consider the surjection of E = (C ∞ (X) G ) k onto E ′ , the space of smooth vector fields of type LF , sending (a 1 , . . . , a k ) to a i A i . The h i (t, x), considered as smooth functions, cover A(t, x) : H → Der Q (X)
G ⊂ E ′ . By Lemma 9.2 we can find extensions of the h i (t, x) to NHC-functions a i (t, x) such that A = i a i (t, x)A i .
Remark 9.4. Here is where we have used Theorem 7.2 which says that the space of smooth vector fields of type LF is Fréchet. One can also prove the lemma above using topological tensor products since one of the factors involved is always nuclear. See the proof of Proposition 6.10.
The space LF(U) is naturally a Fréchet space with respect to the topology of uniform convergence of partial derivatives (in x) on compact sets C×K where K ⊂ X U . Similarly the space of NHC-functions over U is a Fréchet space. Using the open mapping theorem one obtains:
Corollary 9.5. Let Ω be a neighbourhood of zero in the space of NHC-functions over U. Then there is a neighbourhood Ω ′ of zero in LF(U) such that any
where a i (t, x) ∈ Ω, i = 1, . . . , k.
Grauert's proof
We now show how one can modify Cartan's version [Car58] of the proof of Grauert's Oka principle [Gra57a, Gra57b, Gra58 ] to obtain Theorem 9.1. Let N ⊂ H ⊂ C be compact Hausdorff spaces as before, and we consider the corresponding sheaves F and LF defined in the previous section. Note that sections of F over an open subset U ⊂ Q are continuous mappings of C to G-diffeomorphisms of type F of X U , and we can give these diffeomorphisms the C ∞ -topology. Hence we have a topology on F(U). Here is the main theorem.
Theorem 10.1. Suppose that N is a deformation retract of C. Then the following hold.
(1) The topological group H 0 (Q, F) is pathwise connected.
We actually only need (3), but the proof of the theorem is by an induction involving all three statements.
Proof of Theorem 9.1. Let Φ : X → Y be a G-diffeomorphism of type F . We have an open cover {U i } of Q and G-biholomorphisms Γ i :
is a tube. By our usual deformation (Lemmas 8.2 and 8.3), we can find a homotopy Ψ i (t, x) of Γ i −1 • Φ which equals Γ i −1 • Φ when t = 0 and is holomorphic when t = 1. Moreover, all the Ψ i (t, x) are of type F . Let 
We recall some definitions from [Car58] . Let a j ≤ b j and c j ≤ d j be real numbers, j = 1, . . . , m. Let z j = x j + iy j be the usual coordinate functions on C m . The corresponding cube in C m is the subset defined by the inequalities a j ≤ x j ≤ b j and c j ≤ y j ≤ d j , j = 1, . . . , m. Let K ⊂ Q be compact and let U be a neighbourhood of K. Suppose that we have a holomorphic mapping f : Q → C m which restricts to a biholomorphism of U onto an analytic subset of a neighbourhood of a cube Γ where Γ has real dimension k. We say that K is k-special or special of dimension k if K = U ∩ f −1 (Γ). Special compact sets K have nice properties. For example, every holomorphic function on a neighbourhood of K can be uniformly approximated (on a neighbourhood of K) by functions holomorphic on Q. Also, Q is the union of special compact sets K n where K n lies in the interior of K n+1 for all n.
Let K ⊂ Q be a special compact set, so that we can think of it as a subset of a cube Γ corresponding to real numbers a j ≤ b j and c j ≤ d j , j = 1, . . . , m. Let c ∈ [a 1 , b 1 ]. Let Γ ′ be the points of Γ where x 1 ≤ c and let Γ ′′ be the points where
We say that the triple (K, K ′ , K ′′ ) is a special configuration. Let K be a compact set in Q. Define H 0 (K, F) to be the direct limit of the groups H 0 (U, F) for U an open set containing K. Our proof of Theorem 10.1 uses the following two key results.
Proposition 10.2. Let K be a special compact set in Q. Then the image of
is dense in a neighbourhood of the identity element of H 0 (K, F).
, sufficiently close to the identity, can be written in the form
By induction on k we prove the following statements.
Proof of (i) k to (iii) k . Consider (i) 0 . We have that K = {q 0 } ⊂ Q and we need to show that H 0 ({q 0 }, F) is pathwise connected. Let Φ(t, x) be a section of F defined in a neighbourhood of p −1 (q 0 ) = F and let λ(t) denote the restriction of Φ(t, x) to F . Then for every t 0 , λ(t 0 ) ∈ L 0 , the algebraic subgroup of Aut(F )
G of holomorphically reachable points (see Theorem 6.8 and discussion preceding it). Since N is a deformation retract of C, λ(t) has values in the identity component of L 0 . Thus we have a homotopy of λ(t) to the identity section on F . By Corollary 6.9 we have a homomorphism ν :
G for a neighbourhood U of q 0 such that ν(ℓ) restricted to F is ℓ for ℓ ∈ L 0 . This allows us to reduce to the case that Φ(t, x) restricts to the identity section on F . Then we can take the logarithm D(t, x) of Φ(t, x)
* which exists in a neighbourhood of F (see Corollary 6.11). Then we have the homotopy Φ(t, u, x) = exp(uD(t, x)), 0 ≤ u ≤ 1. This is a homotopy of Φ(t, x) to the identity map on a neighbourhood of F . Hence we have (i) 0 .
Suppose that we have (i) k . Let K be compact and k-special. Then (i) k implies that every element of H 0 (K, F) is a product of finitely many elements of H 0 (K, F) which are arbitrarily close to the identity. Apply Proposition 10.2 to the elements close to the identity. Then one obtains (ii) k .
Suppose that we have (ii
is close to the identity section and Ψ ∈ H 0 (K ′ , F). By Proposition 10.3, we can write
and we have (iii) k . Suppose that we have (i) k and (iii) k . Let K be compact and (k + 1)-special. Let Φ ∈ H 0 (U, F) for U a neighbourhood of K. Let the cube in C m corresponding to K be Γ where the condition on x 1 is a 1 ≤ x 1 ≤ b 1 . Let λ ∈ [a 1 , b 1 ] and let K λ denote the special compact subset of K defined by x 1 = λ. We may assume that a 1 < b 1 so that each K λ has dimension k. By (i) k , K λ has a neighbourhood V λ in K (we may choose closed neighbourhoods) such that the restriction of Φ to V λ is homotopic to the identity section. There are a finite number of K λ i (with λ 1 < λ 2 < · · · ) such that the corresponding V λ i cover K. We can assume that the V λ i are compact and (k+1)-special such that F) be a section in a neighbourhood of K i , depending continuously on the parameter u ∈ [0, 1], such that Φ i (0) is the section induced by Φ and Φ i (1) is the identity section.
The homotopies Φ i (u) do not have to agree on the intersections K i ∩ K i+1 . We now modify them to agree. One is reduced to what Cartan calls an elementary problem. Let (K, K 1 , K 2 ) be a special configuration where
is the restriction of Φ and Φ i (1) is the identity section. Then one wants to find Ψ(u) ∈ H 0 (K, F) such that Ψ(0) = Φ and Ψ(1) = e. Now Φ 1 (u)
is a homotopy from the identity section of
where F ′ is the sheaf of groups relative to the compact sets
where N ′ is still a deformation retract of C ′ . Thus applying (3) k to F ′ we have that F) depend upon the parameter u ∈ [0, 1]. They are the identity element for u = 0 and u = 1. Let Ψ(u) = Φ 1 (u)Φ ′ (u) in a neighbourhood of K 1 and let it equal Φ 2 (u)Φ ′′ (u) in a neighbourhood of K 2 . Then the definitions agree on the overlaps and we have Ψ(u) ∈ H 0 (K, F) giving the desired deformation. This solves the elementary problem and shows that we have (i) k+1 .
We have established (i), (ii) and (iii) which are the statements (i) k , etc. with k omitted.
Proof of Theorem 10.1. Note that (2) follows from (ii). Now we consider (1). We know that there are special compact sets K 1 ⊂ K 2 ⊂ . . . where K i is contained in the interior V i+1 of K i+1 for all i and where Q = ∪K i . Let Φ ∈ H 0 (Q, F). By (i), the image Φ n of Φ in V n is homotopic to the identity element of H 0 (V n , F). Let Φ n (u) be such a homotopy with Φ n (0) = Φ n and Φ n (1) = e, the identity section. Then Φ n (u)
where F ′ is the sheaf of groups associated to the sets
is arbitrarily close to the identity section over K n−1 . Thus one can arrange that the sequence Φ n (u) converges uniformly on every compact subset of Q. Let Φ(u) denote the limit. Then Φ(u) is the homotopy between our initial element Φ ∈ H 1 (Q, F) and the identity. This proves (1). Finally, we want to prove (3), that H 1 (Q, F) = 0. We already know from (iii) that H 1 (K, F) = 0 for each special compact set K ⊂ Q. Let K n be a sequence of special compact sets as above, with V n denoting the interior of K n . Let {U i } be an open cover of Q and let {Φ ij } be a cocycle with values in F. Then for each n we have sections c
Thus the c n+1 i
(c
. Using (ii) as above, we can arrange that the c n i converge uniformly on compact sets as n → ∞. The limiting sections c i ∈ H 0 (U i , F) have the property that
Hence H 1 (Q, F) = 0.
We are left with the proofs of the two propositions.
Proof of Proposition 10.2. Let Φ ∈ H 0 (K, F) where K is special and Φ is near the identity. Then we can write Φ as exp D(t, x) where D is of type LF on an open subset U containing K (see Remark 6.12). We may suppose that U is holomorphically convex in Q and relatively compact. By Lemma 9.3 we can write D = a i (t, x)A i where the a i are NHC and the A i ∈ Der Q (X) G generate Der U (X U ) G . Thus it suffices to approximate NHC-functions on U by global ones. Using a partition of unity on C one is reduced to the problem of approximating holomorphic (resp. smooth G-invariant) functions on U (resp. X U ) by functions holomorphic on Q (resp. smooth and G-invariant on X). There is no problem for smooth functions, and for holomorphic functions approximation is possible because U is holomorphically convex in Q and relatively compact.
Before giving the proof of Proposition 10.3 we need some preliminary results. First we consider a result on differential equations on Lie groups from [Car58, p. 115] . Let L be a Lie group and let f (u), f ′ (u) and f ′′ (u) be elements of L which are
the identity of L. Then df /du is a tangent vector at f (u), hence it is of the form dρ(f (u)) · a(u) where a(u) is a continuous family of elements of T e (L) and ρ denotes right multiplication. We write this as
Similarly we have continuous a ′ (u) and a ′′ (u) with
Consider a(u), a ′ (u) and a ′′ (u) as elements of l, the Lie algebra of L.
Lemma 10.4. Let f (u), a(u) etc. be as above. Then we have (10.2) a ′ (u) = a(u) + Ad(f (u)) · a ′′ (u).
Conversely, given f (u) which is C 1 in u with f (0) = e, define a(u) as above and suppose that there are continuous a ′ (u) and a ′′ (u) with values in l satisfying (10.2). Then integrating the equations (10.1) with the conditions that f ′ (0) = f ′′ (0) = e we obtain f ′ (u) and f ′′ (u) such that f ′ (u) = f (u)f ′′ (u).
Now we need an an analogue of Remark 6.12 for holomorphic automorphisms. Note that on Aut U (X U ) we have the compact-open topology. If the closure of U is compact, and U is Stein, then the sections of coherent sheaves of O Q -modules over U are finitely generated over O(U) by global sections.
Lemma 10.5. Let K be a compact subset of Q and let U be a Stein neighbourhood of K with compact closure. Let Φ ∈ Aut U (X U )
G . If Φ is sufficiently close to the identity, then there is a neighbourhood U ′ of K, U ′ ⊂ U, and
where each a i ∈ O(U ′ ) and we can choose the a i arbitrarily small on K by forcing Φ to be close to the identity.
Proof. Since U has compact closure, there are irreducible G-modules V 1 , . . . , V m such that M = ⊕O(X U ) V i is a finitely generated (G, O(U))-module whose elements generate O fin (X U ). Let f 1 , . . . , f k be O(U)-module generators of M whose span is G-stable. Let E denote the (G, O(U))-module endomorphisms of M. Then any σ ∈ E sends f i to a ij f j where the a ij are in O(U). Now σ is uniquely determined by (σ(f 1 ), . . . , σ(f k )) ∈ M k and the elements obtained in M k this way form a closed subspace. Thus E is a Fréchet space. Let β 1 , . . . , β m generate the relations of the f i . Then β s = (β 1s , . . . , β ks ) where i β is f i = 0, 1 ≤ s ≤ m. The (a ij ) corresponding to σ ∈ E must send relations to relations and induce a G-equivariant endomorphism of M, so they form a closed subspace E ′ of the k × k matrices with values in O(U). Thus we have a natural surjection of Fréchet spaces S : E ′ → E. Let Φ ∈ Aut U (X U )
G . If Φ is sufficiently close to the identity, then the restriction σ of Φ * to M is in E and is close to the identity. By the open mapping theorem, we can choose a corresponding (a ij ) ∈ E ′ close to the identity. That is, we can assume that the matrix norm of (a ij ) − I is less than 1/2 on the closure of a neighbourhood U ′ of K with compact closure in U. Then, as in Corollary 6.11, the logarithm of Φ acting on O(X U ′ ) exists and is given by an element D ∈ Der U ′ (X U ′ )
G . The rest of the lemma follows from the open mapping theorem.
Let Φ ∈ Aut U (X U ) G and D = a i D i be as above, with exp(D) = Φ over U ′ . Let F be a fibre of p : X U ′ → U ′ . Then the restriction of Φ to F is an element of the reachable automorphisms L 0 ⊂ Aut(F ) G . We have the adjoint action of Φ| F on elements of l 0 , the restriction of Der U ′ (X U ′ ) G to F . This is the exponential of the action of D via ad. Since D = a i D i where the a i can be made arbitrarily small, the action Ad Φ of Φ on Der U ′ (X U ′ )
G sends elements A to elements close to A.
Corollary 10.6. Let Φ ∈ Aut U (X U ) G and consider the fibrewise adjoint action of Φ on Der U (X U )
G . If Φ is sufficiently close to the identity, then for any A ∈ Der U (X U ) G , Ad Φ(A) is close to A over a neighbourhood of K. In particular, if A is close to zero, so is Ad Φ(A).
Remark 10.7. Lemma 10.5 and Corollary 10.6 also hold for an automorphism Φ(t, x) and holomorphic vector fields A(t, x) depending continuously on a parameter t with values in a compact Hausdorff space. One again just uses the compact open topology.
The following is essentially Hilfssatz 1 in [Gra57b] .
Lemma 10.8. Let (K, K ′ , K ′′ ) be a special configuration. For every t ∈ H suppose that we have a square matrix M(t, q) which is holomorphic and invertible for q in a neighbourhood of K ′ ∩ K ′′ , and suppose that M(t, q) is continuous in t and q. If M(t, q) is sufficiently close to the identity, then
where M ′ (t, q) (resp. M ′′ (t, q)) is continuous in t and q, and for fixed t ∈ H is holomorphic and invertible for q in a neighbourhood of K ′ (resp. K ′′ ). Moreover, M ′ (t, q) and M ′′ (t, q) can be chosen in any given neighbourhood of the identity if M(t, q) is sufficiently close to the identity.
Proof of Proposition 10.3. Let Φ ∈ H 0 (K ′ ∩ K ′′ , F) be close to the identity. Then we want Φ ′ ∈ H 0 (K ′ , F) and Φ ′′ ∈ H 0 (K ′′ , F) so that Φ(t, x) = Φ ′ (t, x) • Φ ′′ (t, x) −1 for p(x) close to K ′ ∩ K ′′ .
We first do this for t ∈ H, where the sections have to be the identity on N. Cartan calls this the fundamental problem. If Φ is sufficiently close to the identity, then Lemma 10.5 and Remark 10.7 show that Φ(t, x) = exp(D(t, x)) for t ∈ H where D vanishes on N (since Φ is the identity on N) and is holomorphic on a neighbourhood U of K ′ ∩ K ′′ . Set Φ(t, u, x) = exp(u · D(t, x)), So we have solved the fundamental problem. Given Φ(t, x) near the identity we find Φ ′ (t, x) and Φ ′′ (t, x), near the identity, such that Φ = Φ ′ (Φ ′′ ) −1 for t ∈ H. Now the holomorphic functions on U ′ are the invariant holomorphic functions on X U ′ which form a closed subspace of the space of smooth functions on X U ′ which is nuclear. Hence the space of holomorphic functions on U ′ is nuclear. Since C 0 (C) → C 0 (H) is surjective, we find that
is surjective. See [Trè67, Proposition 43.9]. Thus we have extensions of D ′ and D
′′
to invariant holomorphic vector fields annihilating the invariants for all t ∈ C. The extensions may not have coefficients close to zero for t ∈ C, but we can arrange this by multiplying by continuous functions g ′ (t, x) and g ′′ (t, x) which are 1 for t ∈ H and smooth and invariant in x. Thus we have smooth extensions D ′ and D ′′ of type LF which have exponentials near the identity, call them Φ ′ (t, x) and Φ ′′ (t, x). Now consider the product Ψ(t, x) = Φ ′ ( Φ ′′ )
Then Ψ is a section of F on a neighbourhood of K ′ ∩ K ′′ which is the identity for t ∈ H. Since Ψ is near to the identity, log Ψ exists for p(x) near K ′ ∩ K ′′ . Multiply log Ψ(t, x) by a smooth invariant cutoff function which is 1 on a neighbourhood of K ′ ∩ K ′′ such that the closure of the support is compact in our original neighbourhood of K ′ ∩ K ′′ . Then the corresponding automorphism Ψ(t, x) is defined everywhere, in particular, on a neighbourhood of K ′ . Now we set Φ ′ (t, x) = Ψ(t, x) −1 Φ ′ (t, x) for p(x) in a neighbourhood of K ′ , Φ ′′ (t, x) = Φ ′′ (t, x) for p(x) in a neighbourhood of K ′′ .
Then on a neighbourhood of K ′ ∩ K ′′ we have Φ(t, x) = Φ ′ (t, x) · Φ ′′ (t, x) −1 for all t ∈ C.
This completes the proof of the proposition.
